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Abstract: I point out that (BPS saturated) A-type D-branes in superstring com-
pactification on Calabi-Yau threefolds correspond to graded special Lagrangian sub-
manifolds, a particular case of the graded Lagrangian submanifolds considered by M.
Kontsevich and P. Seidel. Combining this with the categorical formulation of cubic
string field theory in the presence of D-branes, I consider a collection of topological
D-branes wrapped over the same Lagrangian cycle and derive its string field action from
first string-theoretic principles. The result is a Z-graded version of super-Chern-Simons
field theory living on the Lagrangian cycle, whose relevant string field is a degree one
superconnection in a Z-graded superbundle, in the sense previously considered in math-
ematical work of J. M. Bismutt and J. Lott. This gives a refined (and modified) version
of a proposal previously made by C. Vafa. I analyze the vacuum deformations of this
theory and relate them to topological D-brane composite formation, upon using the
general formalism developed in a previous paper. This allows me to identify a large
class of topological D-brane composites (generalized, or ‘exotic’ topological D-branes)
which do not admit a traditional description. Among these are objects which corre-
spond to the ‘covariantly constant sequences of flat bundles’ considered by Bismut and
Lott, as well as more general structures, which are related to the enhanced triangu-
lated categories of Bondal and Kapranov. I also give a rough sketch of the relation
between this construction and the large radius limit of a certain version of the ‘derived
category of Fukaya’s category’. This paper forms part of a joint project with Prof.
S. Popescu, a brief announcement of which can be found in the second part of the
note hep-th/0102183. The paralel B-model realization, as well as the relation with the
enhanced triangulated categories of Bondal and Kapranov, was recently discussed by
D. E. Diaconescu in the paper hep-th/0104200, upon using the observations contained
in that announcement.
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1. Introduction
Recent progress in our understanding of Calabi-Yau D-brane physics has lead to the
realization that the D-branes of an N = 2 superstring compactification are intrinsically
graded objects. This observation, which in the physics context is due to M. Douglas
[3, 4], and in the homological mirror symmetry literature can be traced back to [1]
(see also [2] and [6]), has far reaching implications for the physical description of open
superstring dynamics on Calabi-Yau backgrounds. Most work toward extracting the
physical consequences of this fact [3, 5, 16, 7], has focused on the analysis of so-called
B-type branes [9], i.e. those D-branes which in the large radius limit are described
by holomorphic sheaves. The other class of D-branes which can be introduced in such
compactifications (the so-called A-branes, which correspond to (special) Lagrangian
cycles) has been comparatively less well studied. This asks for clarification, especially
since applications to mirror symmetry (which interchanges the two types of branes)
require that we understand both sides of the mirror duality.
Since the chiral/antichiral primary sectors of the compactified superstring are faith-
fully described by the associated topological models [27, 28, 26], it is natural to ap-
proach this problem from the point of view of topological string theory. The purpose
of the present paper is to analyze some basic dynamical implications of the existence
of D-brane grading for the topological branes of the A model.
Most recent work on categories of D-branes on Calabi-Yau manifolds follows the
largely on-shell (or rather, partially off-shell) approach originally proposed in [3]. In
[13], I proposed an alternative, consistently off-shell approach, which makes direct use
of a formalism (developed in [12]) for associative string field theory in the presence
of D-branes and goes well-beyond the boundary state formalism [25, 34] which has
traditionally dominated the subject1. This method is especially well-suited for analysis
of D-brane composite formation, a phenomenon which forms the crucial ingredient of
any realistic approach to Calabi-Yau D-brane physics. Since condensation of boundary
and boundary condition changing operators is intrinsically an off-shell process, it can
be expected that a complete understanding of such phenomena can only be obtained
by systematic use of off-shell techniques, which explains the relevance of string field
theory methods. This point of view also allows for better contact with the homological
mirror symmetry conjecture of [1], which is based on an effort to work at the (co)chain,
rather than (co)homology level.
In this paper I shall follow the approach outlined in [13] by giving its concrete
realization for a class of topological D-branes of the A model. A thorough understanding
of A-model open string dynamics requires consideration of intersecting D-branes and
1Some limitations of the (topological) boundary state formalism were discussed in [10].
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a detailed analysis of disk instanton effects, which ultimately should be carried out
through mirror symmetry. Since a complete discussion of these issues (which bear an
intimate relation with the mathematical work of K. Fukaya [35, 36]) is rather involved,
the present paper restricts to a small sector of the relevant structure, by considering a
system of D-branes which wrap a given (special) Lagrangian cycle. We shall moreover
take the large radius limit, thereby neglecting disk instanton corrections [11] to the
classical string field action. As we shall see below, even the analysis of this sector
is considerably more subtle than has previously been thought. In fact, insistence on
a consistent off-shell description leads to novel results, which would be difficult to
extract through the ‘mixed’ methods of [3, 5]. Among these is is the fact that the
string field associated with such boundary sectors is a superconnection living in a Z-
graded superbundle, rather that the standard Z2-graded variant of [18] which was used
in [8, 20]. More importantly, we shall show the existence of many more classes of
topological A-type branes than has previously been suspected. Such exotic topological
branes correspond to backgrounds in the extended moduli space of the open topological
A-string. Whether they also play a role in the physical, untwisted theory is a question
which we do not attempt to settle in this paper.
The paper is organized as follows. In Section 2, we recall the basics of the general
formalism of associative open string field theory with D-branes which was developed
in [12, 13]. Since we shall later deal with the A-model, which for certain D-brane con-
figurations admits a ‘complex conjugation’ symmetry, we also give a brief discussion
of the supplementary structure describing open string field theories endowed with such
operations. This is a straightforward extension of the analysis of [12], which bears on
basic structural issues such as consistent general constructions of antibranes. It can
be viewed as a D-brane extension of the analysis already given in [29, 30, 33], though
our discussion is carried in different conventions. In Section 3 I reconsider the problem
of grading of A-type topological D-branes. While this issue was touched upon in [3]
(see also [5]), a careful geometric analysis does not seem to have been given before.
I give a precise description of this grading and discuss some of the underlying issues
of orientation, which turn out to be of crucial importance for the string field theory
discussed in later sections. Our approach makes us of the so-called graded Lagrangian
submanifolds of [2], which can be shown to give the general description of (not neces-
sarily BPS saturated) graded topological A-branes. Since the present paper restricts
to the special Lagrangian case, I only discuss this theory in its very simplified form
which applies to such situations. This gives a geometrically self-contained description
of A-type branes as graded objects, thereby improving on the discussion of [3, 5]. The
general theory, as it applies to non-BPS A-type branes, will be discussed somewhere
else [15]. Armed with a consistent off-shell framework and a precise understanding of
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the geometric description of our objects, we proceed in Section 4 to construct the string
field theory of a system of distinct D-branes wrapping the same special Lagrangian cy-
cle. More precisely, we consider a set of branes having different gradings and whose
underlying geometric supports coincide. The fact that one must consider such sys-
tems is a direct consequence of the idea of D-branes as graded objects, and it should
serve as a test for its implications. The salient point of our construction is that the
presence of distinct gradings leads to a shift of the worldsheet U(1) charge of the var-
ious boundary condition changing observables, which implies that the resulting string
field theory is a Z-graded version of super-Chern-Simons theory 2. This suggests that
the currently prevalent approach (which is largely based on borrowing the results of
[26]) must be reconsidered. We build the string field theory by identifying each piece
of the axiomatic data discussed in [12, 13], and check the relevant consistency con-
straints. This gives an explicit realization of the general framework developed in those
papers. After identifying the underlying structure, we show that the resulting string
field action admits a description in the language of Z-graded superconnections, which
were previously considered in the mathematical work of [19]. We proceed in Section
5 with a discussion of the conditions under which our string field theory is invariant
with respect to complex conjugation, and give a precise description of the conjugation
operators. Section 6 formulates an extended string field action, whose detailed analy-
sis is left for future work. Section 7 gives a preliminary analysis of the moduli space
of vacua of our string field theory. Upon applying the general framework of [12, 13],
we discuss the relevant deformation problem and sketch its relation with the modern
mathematical theory of extended deformations [21, 22]. This provides a concrete re-
alization of some general observations made in [13]. In Section 8 we analyze various
types of deformations, which allows us to identify large classes of topological A-type
branes (wrapping the cycle L) which do not admit a traditional description. These
‘exotic A-type branes’ can be viewed as topological D-brane composites resulting from
condensation of boundary and boundary condition changing operators, and they must
be included in a physically complete analysis of A-type open string dynamics. As a
particular case, we recover the standard deformations of traditional A-type branes,
and a class of generalized D-branes which correspond to the flat complexes of vector
bundles studied in [19]. We also discuss more general solutions, which correspond to
the pseudocomplexes and generalized complexes of [12], and relate the former to the
enhanced triangulated categories of Bondal and Kapranov, upon following the general
observations already made in [13]. This provides a vast enlargement of the theory of
[26], which can be analyzed through the categorical methods developed in [12]. Sec-
2This should be compared with the Z2-graded proposal of [20].
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tion 9 makes some brief remarks on how the theory considered in this paper relates to
Fukaya’s category [35, 36]. Finally, section 10 presents our conclusions.
The content of this paper was originally conceived as introductory material for
the more detailed work [14], a brief announcement of which can be found in the last
section of the note [13]. Meanwhile, a paper appeared [16], which succeeded to recover
some of the B-model details which were left out in [13], as well as the specifics of the
relation with the work of Bondal and Kapranov [17], a relation which was mentioned
in [13]. This prompted me to write the present note, which contains a self-contained
description of (part) of the A-model realization of the relevant string field theory, and a
brief sketch of the ensuing mathematical analysis. Since the basic B-model realization
is now available in [16], I refer the reader to this reference for the parallel holomorphic
discussion 3.
2. Review of axioms and complex conjugation
We start with a short review of the necessary framework, followed by a brief discussion
of complex conjugations. We are interested in a general description of the structure
of cubic (or associative, as opposed to homotopy associative) open string field theory
in the presence of D-branes. This subject was discussed systematically in the paper
[12], to which we refer the reader for details. The basic idea is to formulate the theory
in terms of a so-called ‘differential graded (dG) category’, which encodes the spaces
of off-shell states of strings stretching between a collection of D-branes. Since we are
interested in oriented strings, such states can be viewed as morphisms between the var-
ious D-branes, which allows us to build a category with objects given by the D-branes
themselves. The associative morphism compositions are given by the basic string prod-
ucts, which result from the triple correlators on the disk. From this perspective, states
of strings whose endpoints lie on the same D-brane a define ‘diagonal’ boundary sectors
Hom(a, a) = End(a), while states of strings stretching between two different D-branes
a and b (namely from a to b) define boundary condition changing sectors Hom(a, b).
This terminology is inspired by the formalism of open-closed conformal field theory on
surfaces with boundary [25]; indeed, states in the boundary and boundary condition
3I should perhaps point out that the idea of using the work of Bondal and Kapranov [17] goes back
to the original paper of M. Kontsevich on the homological mirror symmetry conjecture. This idea was
re-iterated in [13] in a string field theory context, where its application to the B model was mentioned
without giving all of the relevant details (which form part of the more ambitious project [14]). The
paper [16] follows this idea by studying a Z-graded holomorphic theory, which was implicit (but not
explicitly written down) in the announcement [13]. That theory, as well as the theory of this paper,
can be obtained through the very general procedure of shift-completion.
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changing sectors are related to boundary/boundary condition changing conformal field
theory operators via the state-operator correspondence. The reader is referred to [13]
for a nontechnical introduction to this approach and to [12] for a more detailed discus-
sion. Some background on dG categories can be found in the appendix of [12], while a
systematic discussion of the relevant on-shell approach can be found in [10].
2.1 The basic data and the string field action
Recall from [12] that a (tree level) associative open string field theory in the presence
of D-branes is specified by:
(I) A differential graded C-linear category A
(II) For each pair of objects a, b of A, an invariant nondegenerate bilinear and
graded-symmetric form ab(., .)ba : Hom(a, b)×Hom(b, a)→ C of degree 3.
AC-linear category is a category whose morphism spaces are complex vector spaces
and whose morphism compositions are bilinear maps. A graded linear category is a lin-
ear category whose morphism spaces are Z-graded, i.e. Hom(a, b) = ⊕k∈ZHom
k(a, b),
and such that morphism compositions are homogeneous of degree zero, i.e.:
|uv| = |u|+ |v| for all homogeneous u ∈ Hom(b, c), v ∈ Hom(a, b) , (2.1)
where |.| denotes the degree of a homogeneous element. In a differential graded linear
category (dG category), the morphism spaces Hom(a, b) are endowed with nilpotent
operators Qab of degree +1 which act as derivations of morphism compositions:
Qac(uv) = Qbc(u)v + (−1)
|u|uQabv for homogeneous u ∈ Hom(b, c), v ∈ Hom(a, b) .
(2.2)
Graded symmetry of the bilinear forms means:
ab(u, v)ba = (−1)
|v||u|
ba (v, u)ab (2.3)
for homogeneous elements u ∈ Hom(a, b) and v ∈ Hom(b, a). The degree 3 constraint
is:
ab(u, v)ba = 0 unless |u|+ |v| = 3 . (2.4)
The bilinear forms are required to be invariant with respect to the action of Qab and
morphism compositions:
ab(Qab(u), v)ba + (−1)
|u|(u,Qba(v)) = 0 for u ∈ Hom(a, b), v ∈ Hom(b, a) (2.5)
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and
ca(u, vw)ac =ba (uv, w)ab for u ∈ Hom(c, a), v ∈ Hom(b, c), w ∈ Hom(a, b) . (2.6)
Given such data, one can build the (unextended) string field action:
S(φ) =
1
2
∑
a,b∈S
ba〈φba, Qabφab〉ab +
1
3
∑
a,b,c∈S
ca〈φca, φbc · φab〉ac , (2.7)
where S denotes the set of objects of A4 and φab ∈ Hom
1(a, b) are the components of
the degree one string field.
Upon defining the total boundary space H = ⊕a,b∈SHom(a, b), the total string
product · : H × H → H as well as the total bilinear form 〈., .〉 and BRST operator
Q : H → H in an obvious manner (see [12] for details), one can write this action in the
more compact form:
S(φ) =
1
2
〈φ,Qφ〉+
1
3
〈φ, φ · φ〉 , (2.8)
where φ = ⊕a,b∈Sφab is a degree one element of H.
2.2 Theories with complex conjugation
The axioms of a string field theory can be supplemented by requiring the existence of
conjugation operators subject to certain constraints5. We say that such a theory is
endowed with conjugations if one is given the following two supplementary structures:
(IIIa) An involutive map a→ a on the set of D-brane labels.
(IIIb) A system of degree zero antilinear operators ∗ab : Hom(a, b) → Hom(b, a),
with the properties:
(1) ∗ab∗ba = idHom(b,a), for any two objects a and b
(2) ba〈∗abu, ∗bav〉ab =ba 〈v, u〉ab for u ∈ Hom(a, b) and v ∈ Hom(b, a)
(3) Qba ∗ab u = (−1)
|u|+1 ∗ab Qabu for u ∈ Hom(a, b)
4We assume for simplicity thatA is a small category, i.e. its objects form a set. In fact, we shall only
need the case when S is finite or countable, since this will be relevant for our application. We neglect
the conditions under which various sums make mathematical sense (i.e. converge etc). Convergence of
these sums can be assured (at least in principle) by imposing supplementary conditions on the allowed
string field configurations.
5This type of structure was discussed in [33] for the case of a single boundary sector (but allowing
for homotopy associative string products).
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(4) ∗ac(ubcvab) = (∗abvab)(∗bcubc) for ubc ∈ Hom(b, c) and vab ∈ Hom(a, b).
For each D-brane a, its partner a will be called its ‘conjugate brane’.
In a theory possessing conjugations, the action (2.8) has the following property:
S(φ) = S(∗φ) . (2.9)
Hence one can assure reality of the string field action by imposing the following condi-
tion on the string field:
∗φ = φ⇔ ∗abφab = φba . (2.10)
The condition that ∗ preserve the degree |.| is crucial for consistency of the reality
constraint | ∗ φ| = |φ| with the degree one constraint |φ| = 1.
3. A-type D-branes as graded special Lagrangian submanifolds
It is well-known [9] that BPS saturated D-branes in Calabi-Yau threefold compactifica-
tions are described either by holomorphic cycles (so-called type B branes) or by special
Lagrangian cycles (so-called type A D-branes) of the Calabi-Yau target space X . In the
case of multiply-wrapped branes one must also include a bundle living on each cycle
(which corresponds to a choice of Chan-Paton data) and a choice of connection in this
bundle, which should be integrable for B-type branes and flat for type A branes. From
a conformal field theory point of view, type A and B D-branes correspond to different
boundary conditions [9], and they preserve different N = 2 subalgebras of the (2, 2)
worldsheet algebra.
The starting point of our analysis is the observation of [3] that this data does
not in fact suffice for a complete description of D-brane physics. The essence of the
argument of [3] is as follows. The various boundary/boundary condition changing
sectors of the theory consist of open string states, which are charged with respect to
the worldsheet U(1) current of the N = 2 superconformal algebra. It is then shown
in [3] (based on bosonization techniques) that a complete specification of the theory
requires a consistent choice of charges for the various boundary sectors, and that, in the
presence of at least two different D-branes, the relative assignment of such charges has
an invariant physical meaning. If one defines the ‘abstract’ degree of a D-brane through
the winding number of the bosonized U(1) current, this amounts to the statement that
a complete description of the background requires the specification of an integer number
for each D-brane present in the compactification.
While this is an extremely general argument (which in particular applies to non-
geometric compactifications), the concrete realization for the A model remains some-
what obscure. In this section, I explain the geometric meaning of this ‘grade’ for the
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case of semiclassical type A branes, i.e. for the large radius limit of a Calabi-Yau com-
pactification which includes such objects6. Our proposal is motivated by a combination
of mathematical results of [2] and an anomaly analysis which can be carried out in the
twisted model (the A-model). Since a complete exposition would take more space than
afforded in this paper, I will give a simplified discussion and refer the reader to [15],
which will include a more detailed analysis.
We propose that the correct description of a BPS saturated type A brane is given
(in the large radius limit) by a triple (L, E, A), where L is a so-called graded special
Lagrangian submanifold of X . The mathematical concept of graded Lagrangian mani-
folds (not necessarily special) is originally due to M. Kontsevich [1] and was discussed
in more detail in recent work of P. Seidel [2]. Recall that a Lagrangian cycle is a
three-dimensional submanifold of Xsuch that the Kahler form ω of X has vanishing
restriction to L. The cycle is special Lagrangian, if also also has:
Im(λLΩ)|L = 0 (3.1)
for some complex number λL of unit modulus. Since this condition is invariant under
the change λL → −λL, the relevant quantity is λ
2
L, i.e. the special Lagrangian condition
(3.1) only specifies λL up to sign. A grading
7 of a special Lagrangian cycle L is simply
the choice of a real number φL such that e
−2piiφL = λ2L. There is a discrete infinity
of such choices (differing by an integer), so there is a countable infinity of gradings of
any given special Lagrangian cycle. Furthermore, there is always a canonical choice
φ
(0)
L ∈ [0, 1) (which we shall call the fundamental grading), a fact which distinguishes
special Lagrangians from more general Lagrangian submanifolds. Then any grading is
of the form φ
(n)
L = φ
(0)
L +n, with n an integer which specifies a shift of the charges of the
associated boundary sector. Hence one can identify a graded special Lagrangian cycle
L with the pair (L, n). This agrees with the general conformal field theory argument
of [3].
We end this section by noting that a choice of grading specifies an orientation
of the special Lagrangian cycle. Indeed, given a grading φ
(n)
L , one has a canonically-
defined real volume form ΩL(n) := e
−ipiφ
(n)
L Ω = e−i(φ
(0)
L
+n)Ω on L8. It is clear that the
6If one wishes to go away from large radius, then one must consider disk instanton corrections to
the boundary/boundary condition changing sectors, which are induced by corrections to the associated
BRST operators. This leads to Floer cohomology and instanton destabilization of some semiclassical
D-branes, as well as to supplementary corrections to the string field action. By staying in the large
radius limit, we avoid each of these issues.
7It is not hard to show [15] that this is a particular case of the general notion of graded Lagrangian
submanifold introduced in [2].
8One can also think of this as a choice of sign, λL(n) := e
−ipiφL(n), for the quantity appearing in
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orientation induced by φ
(n)
L = φ
(0)
L + n in this manner coincides with (−1)
n times the
orientation induced by the fundamental grading φ
(0)
L .
4. The open string field theory of a collection of graded D-
branes wrapping the same special Lagrangian cycle
We consider a family of D-branes an described by triples (Ln, En, An) with Ln := (L, n)
for some collection of integers n. These branes share the same underlying special
Lagrangian cycle L, but have possibly different Chan-Patton bundles En (complex
vector bundles defined over the cycle L) and different background flat connections An
living in these bundles. Note that we assume that each brane has a different grade n.
According to our previous discussion, each D-brane an determines an orientation
On of the cycle L, and these orientations are related to the ‘fundamental’ orientation
O0 through:
On = (−1)
nO0 . (4.1)
When integrating differential forms (see below), we shall write Ln for L endowed with
the orientation On, and L := L0 for L endowed with the orientation O0.
We now consider the cubic open string field theory associated with such a system.
Since we have more than one D-brane, one must use the categorical framework of
[12, 13], which was shortly reviewed in Section 2. Instead of giving a lengthy discussion
of localization starting from the topological A model, we shall simply list the relevant
data and check that the axioms of Section 2 are satisfied. The data of interest is as
follows:
(1) The spaces Hom(am, an) of off-shell states of oriented open strings stretching
from am to an. For our topological field theory, these can be identified through a slight
extension of the arguments of [26], which gives:
Homk(am, an) = Ω
k+m−n(L,Hom(Em, En)) , (4.2)
where Ω∗(L,Hom(Em, En)) denotes the space of (smooth) differential forms on the cycle
L with values in the bundle Hom(Em, En). In these expressions we let k be any signed
(3.1) (the other choice afforded by the relation λ2L = e
−2piiφ
(n)
L would be λ′L(n) = −λL = e
−ipiφ
(n+1)
L ,
which corresponds to the opposite orientation). The point is that once one specifies a grading n, we
have a choice λL(n) which is uniquely determined by n, and consequently we have a natural choice of
orientation. In the absence of a grading, we would have no natural way to pick one of the two opposite
orientations. This may seem subtle but it is in fact a triviality. As we shall see below, this simple fact
is ultimately responsible for the appearance of supertraces in our string field action.
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integer, so for example Homk(am, an) can be nonvanishing for k = n −m...n −m+ 3
and vanishes otherwise.
In the string field theory of the A model, the various state spaces must graded
by the charge of boundary/ boundary condition changing states with respect to the
anomalous U(1) current on the string worldsheet (this follows from the construction
of the string field products in the manner of [31, 32]). In our situation, this grading
(which is indicated by the superscript k in (4.2)) differs from the grading by form rank,
as displayed by the shift through m − n in (4.2). The presence of such a shift follows
from arguments similar to those of [3], or by a careful discussion of localization along
the lines of [26]. These shifts of the U(1) charge in the boundary condition changing
sectors reflect the different gradings of the branes an and are required for a consistent
description of the theory. They will play a crucial role in the correct identification of
the string field theory of our D-brane system. If one denotes the U(1) charge of a state
u ∈ Hom(am, an) by |u|, then one has the relation:
|u| = ranku+ n−m . (4.3)
Relation (4.2) can also be written as:
Hom(am, an) = Ω(L,Hom(Em, En))[n−m] , (4.4)
upon using standard mathematical notation for shifting degrees.
It is useful to consider the total boundary state space H = ⊕m,nHom(am, an) =
Ω∗(L,End(E)), where E = ⊕nEn. This has an obvious Z×Z grading given by Hm,n =
Hom(am, an), and a Z2 grading given by:
Heven = ⊕k+m−n=evenHom
k(am, an) , (4.5)
Hodd = ⊕k+m−n=oddHom
k(am, an) .
The Z2 grading can be described in standard supergeometry language as follows. Let
us define even and odd subbundles of E through:
Eeven = ⊕n=evenEn (4.6)
Eodd = ⊕n=oddEn .
Then E = Eeven ⊕ Eodd can be regarded as a super-vector bundle (Z2-graded bundle).
Its bundle of endomorphisms then has the decomposition:
End(E) = Hom(Eeven, Eeven)⊕Hom(Eodd, Eodd)⊕Hom(Eeven, Eodd)⊕Hom(Eodd, Eeven)
(4.7)
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and a total Z2 grading:
End(E)even = Hom(Eeven, Eeven)⊕Hom(Eodd, Eodd) (4.8)
End(E)odd = Hom(Eeven, Eodd)⊕Hom(Eodd, Eeven) .
Then H corresponds to the the tensor product Ω∗(L) ⊗Ω0(L) Ω
0(End(E)), in which
case the Z2 grading on H is induced by the standard Z2 grading on Ω
∗(L) and the
Z2-grading (4.8) on End(E).
Also note that End(E) has a diagonal Z-grading, whose mod 2 reduction gives the
grading (4.7):
End(E)s = ⊕m−n=sHom(Em, En) . (4.9)
As a consequence, the total boundary state space H has a Z-grading induced by (4.9)
and by the grading of Ω∗(L) through form rank. This coincides with the grading (4.3)
given by the worldsheet U(1) charge, and whose mod 2 reduction is the string field
theoretic grading (4.5).
(2) One has boundary products, which in our case are given (up to signs) by
the wedge product of bundle valued forms (which are taken to involve composition of
morphisms between the fibers):
u · v = (−1)(k−n)rankvu∧ v for u ∈ Hom(an, ak) and v ∈ Hom(am, an) . (4.10)
This gives compositions of the form Hom(an, ak)×Hom(am, an) → Hom(am, ak). As
in [12], these induce a total boundary product on H through:
u · v = ⊕m,k
[∑
n
unkvmn
]
(4.11)
for elements u = ⊕nkunk and v = ⊕mnvmn with unk ∈ Hom(an, ak) and vmn ∈
Hom(am, an).
The total boundary product also admits a standard supergeometric interpretation.
Indeed, remember that both of the factors Ω∗(L) and Ω0(End(E)) admit natural struc-
tures of superalgebras, with multiplications given by wedge product of forms and com-
position of bundle morphisms, respectively. This allows us to consider the induced su-
peralgebra structure onH, which, following [18], corresponds to Ω∗(L)⊗ˆΩ0(L)Ω
0(End(E)).
According to standard supermathematics, the corresponding product on H acts on de-
composable elements u = ω ⊗ f and v = η ⊗ g as follows:
(ω ⊗ f)(η ⊗ g) = (−1)pi(f)rankη(ω ∧ η)⊗ (f ◦ g) , (4.12)
for ω, η some forms on L and f, g ∈ End(E). In this relation, pi(f) stands for the parity
of f with respect to the decomposition (4.8).
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If we apply this relation for u ∈ Hom(an, ak) and v ∈ Hom(am, an), then pi(f) is
the mod 2 reduction of k − n and we recover relation (4.10) upon viewing u and v as
bundle-valued forms. In local coordinates, one can write write u = dxα1∧...∧dxαruα1..αr ,
v = dxα1 ∧ ... ∧ dxαsvα1...αs, and obtain:
uv = (−1)s(k−n)dxα1 ∧ ... ∧ dxαr+suα1...αrvαr+1...αr+s , (4.13)
which recovers the boundary products introduced above. This means that one has a
sign factor of −1 each time one commutes dxα with an odd bundle morphism. In our
conventions, one writes the bundle morphisms to the right.
(3) One has bilinear forms mn〈., .〉nm on the products Hom(am, an)×Hom(an, am),
which are induced by the two-point boundary correlator on the disk. These can be
identified through a localization argument and are given by:
mn〈u, v〉nm =
∫
Ln
trEn(u · v) = (−1)
n
∫
L
trEn(u · v) (4.14)
where trEn denotes the fiberwise trace on End(En).
Since integration of forms requires the specification of an orientation, one must
keep track of which of the two orientations of L is used in the definition of each bilinear
form. This gives the crucial sign factor in the right hand side. As in [12], one can
combine these into a bilinear form 〈., .〉 on the total boundary state space H. Due to
the sign factor in (4.14), one obtains:
〈u, v〉 =
∫
L
str(uv) for u, v ∈ H , (4.15)
where str is the supertrace with respect to the decomposition (4.8) (see [18] for details).
(4) One has degree one BRST operators Qmn : Hom(am, an) → Hom(am, an),
which in our case are given by the covariant differentials dmn associated with the flat
connections Am and An. More precisely, dmn is the differential of the ‘twisted’ de Rham
complex:
0
dmn
−→ Ω0(L,Hom(Em, En))
dmn
−→ Ω1(L,Hom(Em, En))
dmn
−→ Ω2(L,Hom(Em, En))
dmn
−→ Ω3(L,Hom(Em, En))
dmn
−→ 0 .
determined by the connection ∇mn induced by Am and An on Hom(Em, En).
These can be combined into the total BRST operator Q = ⊕m,nQmn, which can be
identified as the exterior differential on E induced by the total connection A = ⊕nAn.
This is a differential operator on Ω∗(End(E)) with the property:
Q(ω ⊗ f) = dω ⊗ f + (−1)rankωωQf , (4.16)
so it gives a superconnection on the superbundle E in the sense of [18].
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It is not hard to see that all of the axioms discussed in [12] (and reviewed in Section
2) are satisfied. In the language of Section 2, we have a differential graded category A˜
with objects an and bilinear forms between the morphism spaces which are invariant
with respect to the BRST charges Qmn and with respect to morphism compositions.
The abstract structure is depicted in figure 1.
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Figure 1. A full two-object subcategory of the category describing our D-brane system.
According to the axioms of Section 2, the open string field theory is described by
the action:
S(φ) =
1
2
〈φ,Qφ〉+
1
3
〈φ, φ · φ〉 (4.17)
where the string field φ = ⊕m,nφmn (with φmn ∈ Hom(am, an)) is a degree one element
of the total boundary state space H. Combining all of the data above, one can re-write
this in the form:
S(φ) =
∫
L
str
[
1
2
φQφ+
1
3
φφφ
]
. (4.18)
The product in the integrand is given by (4.10).
5. Complex conjugations
Our string field theory can be endowed with conjugations, provided that the collection
of D-branes (Ln, En, An) is invariant with respect to the operation which takes a brane
into a conjugate brane9. We propose that the conjugate brane of a D-brane a =
(L, E, A) is the D-brane a = (L, E, A∗) defined as follows:
(a) The underlying cycle of a is L.
9Our conjugate branes should not be identified with the ‘topological antibranes’ of [3, 5]. The
‘topological antibranes’ of those papers result from our conjugate branes upon performing a further
shift of the grading by 1. The conjugation operators we construct below are related with the ‘gauge
invariance’ of [3, 5], which consists in shifting the grading of all D-branes by 1 combined with reversing
the role of branes and antibranes.
14
(b) If the grading of a is given by n (i.e. L = (L, n)), then the grading of a is
n = −n.
(c) The underlying bundle E is the antidual of the bundle E, i.e. the bundle whose
fiber Ex at a point x of L is the space of antilinear functionals defined on the fiber Ex
of E.
(d) The connection ∇ is given by:
(∇Xψ)(s) = −ψ(∇X(s)) +X [ψ(s)] , (5.1)
for any local sections s of E and ψ of E and any vector fields X . In the right hand side,
X is the complex conjugate of X . Namely, viewing X as a complex-linear derivation
of the algebra of (complex-valued) functions on L, one takes:
X(f) := X(f) . (5.2)
The result is another complex-linear derivation, i.e. a vector field. If xα are (real !)
local coordinates on L, then upon expanding X = Xα∂α, one has X = Xα∂α, where
Xα denotes the usual complex conjugate of the function Xα. In particular, ∂α = ∂α.
If sα is a local frame of sections for E, then we can consider the antidual frame sα
of E, defined by the conditions:
sα(sβ) = δαβ . (5.3)
Then we have (1-form valued) connection matrices A and A∗ defined through:
∇(sα) = Aβαsβ (5.4)
∇(sα) = A
∗
βαsβ . (5.5)
In this case, we obtain the relation:
A∗ = −A+ , (5.6)
i.e.:
A∗i (x) = −Ai(x)
+ , (5.7)
where A = Ai(x)dx
i and A∗ = A∗i (x)dx
i.
The abstract description given above has the advantage that it does not require
the choice of supplementary data. It is possible to formulate a conjugation operator
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in these abstract terms, and check all relevant axioms given in Section 2. Below, I
shall use a mathematically less elegant, but more concrete approach which requires the
choice of a metric on the bundle E10. For this, let us assume that the bundle E is
endowed with a hermitian metric hE ; the precise choice of such a metric is irrelevant
for what follows. We use standard physics conventions by taking hE to be antilinear
in its first variable and linear in the second. Such a scalar product defines a linear
isomorphism between E and E, which identifies an antilinear functional ψ on Ex with
the vector uψ ∈ Ex satisfying the equation:
hE(v, uψ) = ψ(v) for all v ∈ Ex . (5.8)
Using this isomorphism, one can translate the abstract definition of ‘conjugate branes’
into the following more concrete description:
(c’) The underlying bundle E of a can be identified with the underlying bundle E
of A
(d’) The background flat connection A∗ of E can be identified with the opposite of
the hermitian conjugate of A with respect to the metric hE:
A∗ = −A+ . (5.9)
From now on, the symbol A+ always denotes hermitian conjugation with respect to
hE , unless we state otherwise. We can now describe the antilinear conjugations of our
string field theory. Since this is a bit subtle, we shall proceed in two steps.
Step 1. Given a (complex-valued) differential form ω = ωα1..αkdx
α1 ∧ ...∧ dxαk on L,
we define its conjugate by11:
ω˜ := ωα1...αkdx
αk ∧ ... ∧ dxα1 = (−1)k(k−1)/2ω , (5.10)
where ω = ωα1...αkdx
α1 ∧ ...∧ dxαk is the usual complex conjugate of ω and we used the
relation:
dxαk ∧ .. ∧ dxα1 = (−1)k(k−1)/2dxα1 ∧ ... ∧ dxαk . (5.11)
10This is not natural in a topological string theory, which should be formulated as much as possible
without reference to a metric. I prefer to use the metric language in order to make the paper easier
to understand for the casual reader.
11xα are real coordinates on the three-cycle L (which is not a complex manifold !). I hope this avoids
any confusion.
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It is not hard to check that this operation has the following properties:
(α ∧ β )˜ = β˜ ∧ α˜
d(ω˜) = (−1)rankω(dω)˜ (5.12)∫
L
ω˜ = −
∫
L
ω . (5.13)
Step 2 Let us now return to our our collection of D-branes an = (Ln, En, An) and
assume that we have picked hermitian metrics hn = hEn on each of the bundles En.
For u = ω⊗ f a decomposable element of Hom(am, an) (with ω a complex-valued form
on L and f ∈ Hom(Em, En)), we define:
∗u := (−1)(n−m+1)rkωω˜ ⊗ f+ . (5.14)
We then extend this uniquely to an antilinear operation from Ω∗(L,Hom(Em, En)) to
Ω∗(L,Hom(En, Em)). In terms of the usual hermitian conjugation of bundle-valued
forms ((ω ⊗ f)+ := ω ⊗ f+), this reads:
∗u = (−1)rku(rku+1)/2+(n−m)rkuu+ . (5.15)
Since the choice of hermitian metrics allows us to identify the ‘conjugate branes’ an =
(Ln, En, A
∗
n) with the triples (L−n, En,−A
+
n ), we can also view (5.14) as antilinear
maps ∗mn from Hom(am, an) to Hom(an, am). We claim that these operators give
conjugations of our string field theory. To see this, one must check that the axioms of
Section 2 are satisfied. For this, notice first that the operations ∗mn are homogeneous
of degree zero when viewed as applications between Hom(am, an) and Hom(an, am).
This follows from the fact that they preserve form rank, and from form our definition
n = −n, m = −m of gradings for the ‘conjugate branes’:
| ∗mn umn| = rank(∗mnumn) + (−m)− (−n) = rankumn + n−m = |umn| . (5.16)
The other properties listed in Subsection 2.2. then follow by straightforward computa-
tion, and I shall leave their verification as an exercise for the reader.
It should be clear from our discussion that the theory considered in the previous
section will be invariant under conjugation only if the set of D-branes an is invariant
with respect to the involution an → an. This can always be achieved by adding the
‘conjugate branes’ an to the original set, but in general this will lead to more than
one D-brane wrapped on L for each grade n. Hence a general analysis requires that
we allow various D-branes present in the system to have the same grade n. While
it is possible to carry out our analysis for such general systems, this leads to rather
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complicated notation. When discussing reality issues in this paper, we shall assume for
simplicity that the set of D-branes present in our background is invariant with respect
to the transformation an → an. This requires that the set of grades under consideration
is invariant with respect to the substitution n→ −n and that E−n = En, hE
−n
= hEn
and A−n = −A
+
n = An. With these hypotheses, one has an = a−n, and we can impose
the reality constraint ∗φmn = φ−n,−m on the string field. Note, however, that there is
no reason why our background should contain only brane-‘conjugate brane’ pairs. If
this condition is not satisfied, then one can simply work with a complex action of the
form (2.8). In fact, complex string field actions are natural in topological string field
theories, as is well-known from the example of the B-model. A real string field action
is only required in a physically complete theory, such as the theory of ‘all’ topological
D-branes.
6. An extended action
Our theory (4.18) can be extended in the following manner. Consider the supermanifold
L := ΠTL obtained by applying parity reversal on the fibers of the tangent bundle of L.
L is equipped with a sheaf OL of Grassmann algebras, whose sections are superfunctions
defined on L.
If θα (α = 1..3) are odd coordinates along the fibers TxL, then sections of OL are
superfields of the form:
f(x, θ) = f (0)(x) + θαf (1)α (x) + θ
αθβf
(2)
αβ (x) + θ
αθβθγf
(3)
αβγ(x) , (6.1)
with Grassmann-valued coefficients f (k)α1..αk (sections of OˆL = OL ⊗ G, where G is an
underlying Grassmann algebra). The space Γ(OL) of such superfields forms a Z× Z2-
graded algebra, with Z-grading12 induced by the degree of the monomials in θα and
Z2-grading given by Grassmann parity.
We are interested in elements Φ of the space Γ(OL⊗ˆEnd(E)), which carries the Z2
grading induced from the two components of the tensor product. We shall denote this
total Z2-grading by deg. Such bundle-valued superfields have the expansion:
Φ(x, θ) =
3∑
k=0
θα1 ..θαkΦ(k)α1..αk(x) , (6.2)
whose coefficients Φ(k)α1..αk are sections of the sheaf End(E) := OˆL ⊗ End(E), i.e. ele-
ments of the algebra Γ(End(E)) := G⊗ˆCΓ(L,End(E)) of Grassmann-valued sections
12The components of this grading are nonzero only in degrees 0, 1, 2 and 3.
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of End(E). This algebra has a Z-grading induced by the Z-grading on End(E) and
a total Z2-grading induced by the sum of Grassmann parity with the Z2-degree on
End(E). Note that the mod 2 reduction of the Z-grading does not give the Z2 grading.
The coefficientsΦ(k)α1..αk define Grassmann-valued forms φˆ
(k) = dxα1∧...∧dxαkΦ(k)α1..αk(x),
viewed as elements of the algebra He = Ω
∗(L)⊗ˆΓ(End(E)) of forms with Grassmann-
valued coefficients in End(E). This algebra also has total Z and Z2-gradings (de-
noted again by |.| and deg) which are induced by the Z and Z2-gradings on Ω
∗(L)
and Γ(End(E)). The Z2-grading deg is the mod 2 reduction of the sum between the
Z-grading |.| and Grassmann parity. If aˆ and bˆ are elements of He, then their product
is:
aˆbˆ = (−1)(degaˆ−rankaˆ) rankbˆaˆ ∧ bˆ . (6.3)
If deg(Φ) = p ∈ Z2 is the parity of the superfield Φ, then the components Φ
(k)
α1..αk
have total parity degΦ(k)α1..αk = p− k(mod2), while the Grassmann-valued form φˆ
(k) has
total parity p. We obtain a correspondence Φ ↔ φˆ which takes Φ into the sum of
Grassmann-valued forms φˆ =
∑3
k=0 φ
(k). This map is homogeneous of degree zero, i.e.
it intertwines the Z2 gradings deg on Γ(OL ⊗ End(E)) and He.
Under this correspondence, the BRST differential Q = d on He (extended to
Grassmann-valued forms in the obvious manner) maps to the operator:
D = θα
∂
∂xα
(6.4)
on superfields. By analogy with the usual Chern-Simons case, this allows us to write
an extended string field action:
Se(Φ) =
∫
L
d3x
∫
d3θstr
[
1
2
ΦDΦ+
1
3
ΦΦΦ
]
. (6.5)
This can be viewed as a Z-graded version of extended super-Chern-Simons field theory.
It should be compared with the proposal of [20].
Observation It is a standard subtlety (see, for example, [24]) that the product of
the Grassmann-valued forms φˆ(k) induced by superfield multiplication differs from the
standard wedge product. This is due to the fact that the coordinates θα are Grassmann
odd. To be precise, let us consider two superfields A, B of parities pA and pB, and let
A(k)α1..αk and B
(l)
α1..αl
be their components under the expansion (6.1), which have total
parities pA− k(mod2) and pB − l(mod2). We also consider the associated Grassmann-
valued forms aˆ(k) = dxα1 ∧ ...∧ dxαkA(k)α1..αk and bˆ
(l) = dxα1 ∧ ...∧ dxαlB(l)α1..αl. Then one
can write:
(AB)(x, θ) =
3∑
n=0
θα1 ...θαn(AB)(n)α1...αn(x) . (6.6)
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If (aˆ ∗ bˆ)(n) = dxα1 ∧ ... ∧ dxαn(AB)(n)α1..αn(x) is the associated Grassmann-valued form,
then one has (aˆ ∗ bˆ)(n) =
∑
k+l=n aˆ
(k) ∗ bˆ(l), where:
aˆ(k) ∗ bˆ(l) = (−1)(pA−k)laˆ(k) ∧ bˆ(l) . (6.7)
The sign prefactor arises when commuting the odd variables θβj with the coefficient
A(k)α1..αk in the following relation:
θα1 ..θαkA(k)α1..αkθ
β1...θβlB
(l)
β1..βl
= (−1)(pA−k)lθα1 ..θαkθβ1 ...θβlA(k)α1..αkB
(l)
β1..βl
(6.8)
Equation (6.7) reads:
aˆ ∗ bˆ = (−1)(pA−rankaˆ)rankbˆaˆ ∧ bˆ = (−1)(pA−|a|)rankbˆaˆ · bˆ , (6.9)
where the multiplication · is that of (4.10). Since pA = degaˆ, this is exactly the product
(6.3) on the algebra He. Hence one can write the extended action as a functional on
He:
Se(φˆ) =
∫
L
d3xstr
[
1
2
φˆ ∗ dφˆ+
1
3
φˆ ∗ φˆ ∗ φˆ
]
. (6.10)
In this form, the action Se can be related to the general extension procedure discussed
in [33] (when the latter is translated in our conventions). One imposes the condition
that Φ is an odd superfield, i.e. degφˆ = 1ˆ ∈ Z2.
If pA = 1ˆ, then the product (6.9) agrees with the multiplication (4.10) when |a| = 1.
This implies that the extended action (6.5) reduces to the unextended one (4.17) if all
non-vanishing Grassmann-valued form components of the extended string fieldΦ satisfy
|φˆmn| = 1.
7. The moduli space of vacua
Recall that the moduli space of vacua is built by solving the Maurer-Cartan equation:
Qφ+
1
2
[φ, φ] = 0 ⇔ Qφ+ φφ = 0 (7.1)
for string fields φ ∈ H of degree |φ| = 1. Two solutions of (7.1) are identified if
they differ by a gauge transformation. The gauge group is generated by infinitesimal
transformations of the form φ → φ + Qu + [φ, u]. If our collection of D-branes is
invariant under complex conjugation, one can also impose the reality constraint ∗φm,n =
φ−n,−m, in which case one also requires reality (∗u = u) of the gauge generator u. The
commutator appearing in (7.1) is the graded commutator on the algebra H, which
reduces to the square of φ due to the degreee one condition |φ| = 1. The resulting
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moduli space is a (formal) supermanifold M, which can be built locally by solving
(7.1) upon expressing φ as a formal power series in appropriate variables [23].
The degree one condition on the string field reads:
rankφmn + n−m = 1⇔ rankφmn = 1 +m− n . (7.2)
As in [12], this implies that one can deform the vacuum by condensing fields of rank
1 + m − n in the boundary sector Hom(am, an). The fact that one can condense
higher rank forms in this manner is due to the presence of Z-graded branes in the
background. In fact, it can be argued that the standard deformations (7.1) represent
extended deformations of the usual vacuum based on the collection of flat connections
An.
7.1 The shift-invariant case
To understand this, let us consider the case Em = E and Am = A for all m, i.e. we take
the underlying bundles and flat connections to be identical. We also take an infinity of
D-branes, i.e. we let n run over all integer values from −∞ to +∞. In this case, the
moduli space built by solving (7.1) will in fact be ill-defined, due to the existence of a
countable number of shift symmetries Sk : φm,n → φm+k,n+k of the string field action.
This problem is easily solved by restricting to ‘shift-invariant’ configurations, i.e.
configurations of the string field for which φmn = φm−n depends only on the differ-
ence m − n 13. We thus replace M by the moduli space Md, which is obtained by
solving the Maurer-Cartan equations (7.1) for shift invariant configurations. For such
configurations, the equations reduce to:
Qnφn +
∑
k+l=n
φkφl = 0 , (7.3)
where Qn := dA acts on Hom(an, a0) = Ω
∗(L,End(E))[−n] and φn is a degree one
element of Hom(an, a0), i.e. a form of rank 1 + n valued in End(E).
We next consider the linearization Qnφn = 0 of (7.3), which describes infinites-
imal vacuum deformations. Upon dividing through linearized gauge transformations
(φn → φn + Qnun), we obtain that the tangent space to Md (at the point O = {An =
A for all n}) is given by the degree one BRST cohomology ofHd := ⊕nΩ
∗(L,End(E))[−n]
TOMd = H
1
Q(Hd) = ker
[
Q : H1d →H
2
d
]
/im
[
Q : H0d →H
1
d
]
. (7.4)
13A more careful treatment requires an analysis of shift-equivariant string field configurations, i.e.
configurations which are shift invariant only up to gauge transformations. Here we give a simplified
discussion in terms of shift-invariant solutions.
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It is easy to see that this coincides with the total BRST cohomology of Ω∗(L,End(E)):
TO(Md) = H
∗
dA
(L,End(E)) = ⊕3k=0H
k
dA
(L,End(E)) . (7.5)
That is, (shift-invariant) degree one deformations of our theory correspond to ex-
tended deformations of the moduli space of flat connections on E. It is well-known (see,
for example, [26]) that the moduli space of flat connections on E is the same as the
moduli space of (classical) vacua of the Chern-Simons theory based on E, which in turn
gives the (large radius) description of the boundary sector of a single D-brane (L0, E, A)
wrapped on L. It follows that inclusion of graded D-branes leads automatically to an
extended moduli space. This is a particular realization of the general principle (already
mentioned in [13]) that usual (degree one) deformations of a shift-completed string field
theory describe extended deformations of the uncompleted system.
Let us compare this with a theory of non-graded branes. If one were to neglect
the fact that type A branes are Z-graded, and consider the naive identification of D-
branes with the data (L,E,A), then, as in [26], one would arrive at the conclusion
that the string field theory of the D-brane collection (an)n is the standard Chern-
Simons field theory based on the bundle Etot = E
⊕Z
n (viewed as an even bundle rather
than a superbundle) and considered around the vacuum described by the configura-
tion {An = A for all n}. Vacuum deformations of this theory would correspond to
independent deformations φn,n of the flat connections An, and would locally give an
infinite power M = MZ0 of the moduli space M0 of a single flat connection A. Re-
stricting to shift-invariant deformations would then give the ‘regularized’ moduli space
Md = M0. Tangent direction to the latter are described by bundle-valued one-forms
ω ∈ Ω1(L,End(E)).
7.2 Degree constraints
Let us now return to the general case of distinct bundles En. We would like to use
constraint (7.2) in order to understand the types of D-brane configurations which result
from physical vacuum deformations.
For this, note that presence of the D-branes am and an in the string background
requires consideration of both φmn and φnm as components of the string field. Since
one requires that the total string field have degree one, then one obtains constraints
in the case φnm 6= 0 or φmn 6= 0, due to the fact that the ranks of these components
must belong to the set {0, 1, 2, 3}. In fact, both of these components will vanish unless
|m−n| ≤ 2, i.e. m−n ∈ {−2,−1, 0, 1, 2}. Since (7.2) simply requires rankφmm = 1 for
m = n, we have six possibilities for which at least one of φmn and φnm can be nonzero:
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(1)|m− n| ≤ 2 , which gives 5 possibilities, further subdivided as follows:
(a)|m − n| = 2, i.e. n ∈ {m − 2, m + 2}, in which case only one of φmn and φnm
can be nonzero
(b)|m− n| = 1, i.e. n ∈ {m − 1, m+ 1}, in which case both φmn and φnm can be
nonzero.
(c)m = n, in which case φmn = φnm = φmm can be nonzero.
(2)|m− n| > 2, which requires φmn = φnm = 0.
This can be visualized in the following manner. Let us identify the D-branes an as
abstract points of a regular one-dimensional lattice, and view the components φmn as
link variables connecting the various nodes, with φmm viewed as self-linking of a node
with itself. The links φmn for m 6= n are oriented (since φmn and φnm should be viewed
as independent data), while the self-links φmm carry no orientation.
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Figure 2. The formal lattice describing the allowed string field configurations. The numbers in
round brackets indicate form degree.
Then (1) and (2) tell us that two nodes m and n can be connected by a link if and
only if |m−n| ≤ 2. Physically, this means that condensation of string field components
is local with respect to the grade n, i.e. our system behaves in certain ways like a
lattice with finite length interactions. This observation gives a string field theoretic
interpretation of the point made in [3] that the grade should in a certain sense be ‘Z6-
valued’. In the conjugation-invariant case, the reality condition ∗φmn = φ−n,−m puts
further constraints on the allowed configurations, without modifying the qualitative
picture discussed above.
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8. Analysis of deformations
Consider the general expansion of a degree one string field:
φ = ⊕mnφmn , (8.1)
with φmn ∈ Hom
1(am, an) = Ω
1+m−n(L,Hom(Em, En)).
Only terms with n−m = −2,−1, 0 or 1 survive, so we obtain:
φ = ⊕m
[
φ
(3)
m,m−2 ⊕ φ
(2)
m,m−1 ⊕ φ
(1)
m,m ⊕ φ
(0)
m,m+1
]
, (8.2)
where the superscripts indicate the rank of forms. The Maurer-Cartan equations read:
dφ
(1+m−k)
mk +
∑
n
φ
(1+n−k)
nk φ
(1+m−n)
mn = 0 . (8.3)
Considering the nontrivial cases k = m− 1, m,m+ 1, m+ 2, this gives:
dφ
(2)
m,m−1 + φ
(0)
m−2,m−1φ
(3)
m,m−2 + φ
(1)
m−1,m−1φ
(2)
m,m−1 + φ
(2)
m,m−1φ
(1)
m,m + φ
(3)
m+1,m−1φ
(0)
m,m+1 = 0
dφ(1)m,m + φ
(0)
m−1,mφ
(2)
m,m−1 + φ
(1)
m,mφ
(1)
m,m + φ
(2)
m+1,mφ
(0)
m,m+1 = 0 ,
dφ
(0)
m,m+1 + φ
(0)
m,m+1φ
(1)
m,m + φ
(1)
m+1,m+1φ
(0)
m,m+1 = 0 (8.4)
φ
(0)
m+1,m+2φ
(0)
m,m+1 = 0 ,
We obtain 4 systems of equations Σk (k = 1..4), where Σk correspond to the k-th row
in (8.4). Each system contains a number of equations parameterized by m. In a theory
with conjugations, each of the systems Σk is independently conjugation invariant, as a
consequence of the reality condition ∗φmn = φ−n,−m on the string field. These equations
are a particular realization of similar constraints holding in an arbitrary cubic string
field theory with D-branes, a more systematic study of which will be given in [14]. Here
I shall only make a few basic observations.
8.1 Diagonal deformations
Let us consider the particular case φmn = δmnφ
(1)
mm, which corresponds to condens-
ing boundary operators in each diagonal sector, but no boundary condition changing
operators. In this situation, equations (8.4) reduce to:
dφ(1)mm + φ
(1)
mmφ
(1)
mm = 0 , (8.5)
with d = dmm, the differential on Ω
∗(L,End(Em)) induced by the flat connection Am.
Since φ(1)mm are one-forms valued in End(Em), and the product (4.10) reduces in this
case to the usual wedge product of forms, this can also be written as:
dφ(1)mm + φ
(1)
mm ∧ φ
(1)
mm = 0 . (8.6)
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These are the standard equations describing independent deformations Am → A
′
m :=
Am + φ
(1)
mm of the flat connections Am. This is a realization of the general principle
[12, 13] that condensation of diagonal components of the string field can be interpreted
as performing independent deformations of the D-branes an. Upon integrating such
deformations, we obtain a D-brane system of the type (a′n)n, where a
′
n is a deformation
of the brane an, obtained by modifying its flat background connection. More precisely,
one obtains a′n = (Ln, En, A
′
n), with the new background connection A
′
n. In the lan-
guage of [12, 13], such deformations preserve the category structure and thus they do
not lead to D-brane composite formation.
8.2 Unidirectional off-diagonal deformations and exotic type A branes
Let us now consider the case where all φmm−2, φmm−1 and φmm vanish vanish but
φmm+1 may be non-zero. This corresponds to condensing degree zero forms φ
(0)
mm+1 in
each boundary condition changing sector Hom(am, am+1). Note that φ
(0)
mm+1 is simply
a bundle morphism from Em to Em+1.
In this case, the constraints (8.4) reduce to:
φ
(0)
m+1,m+2φ
(0)
m,m+1 = 0 (8.7)
dφ
(0)
m,m+1 = 0 . (8.8)
The second condition tells us that the morphism φmm+1 is flat (covariantly constant)
with respect to the connection induced by Am andAm+1 on the bundleHom(Em, Em+1),
while the first equation shows that these morphisms form a complex:
... Em−1
φm−1,m
−→ Em
φm,m+1
−→ Em+1 ... . (8.9)
As explained on general grounds in [12, 13], condensation of such operators destroys
the original category structure, leading to a so-called collapsed category. If we restrict to
the simplest case when the collection of nonzero condensates φmm+1 connects together
all of the branes present in our system14, then the end result of such a condensation
process is a single D-brane composite. It follows that one can produce an entirely new
object associated with the cycle L through such a process. Such an object corresponds to
a complex of the type (8.9), whose morphisms are covariantly constant with respect to
the original connections An. Complexes of this type were studied from a mathematical
perspective in [19]. We wish to stress that the entire complex (8.9) must be viewed
as a new topological D-brane (a D-brane composite) in this situation. In the case
when some of the morphisms φm,m+1 vanish, the complex (8.9) splits into connected
subcomplexes, and each subcomplex should be viewed as a novel D-brane composite.
14That is, if none of the morphisms in the complex (8.9) vanishes.
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We conclude that, given a special Lagrangian cycle L, one has many more topolog-
ical D-branes wrapping L than the graded branes of the type (Ln, En, An). This already
gives a vast enlargement of the category of topological D-branes, as was already men-
tioned in [13]. Of course, an even bigger enlargement can be obtained by considering
more than one Lagrangian cycle, for example by taking a collection of Lagrangians with
transverse intersections. This will be discussed in detail somewhere else.
8.3 General deformations
It is clear that a generic deformation satisfying (8.4) does not correspond to a flat
connection background on the cycle L; indeed, such deformations involve condensation
of forms of rank zero, two and three, beyond the standard condensation of rank one
forms. The resulting string field backgrounds therefore lead to quite exotic classes of
topological D-brane composites. The formalism appropriate for studying such systems
is the theory of flat superconnections on Z-graded superbundles, the basics of which
were developed by Bismutt and Lott in [19]. This must be combined with the founda-
tional work of [12, 13] and with the mathematical discussion of Bondal and Kapranov
[17].
8.3.1 General string field backgrounds and pseudocomplexes
While I will not give a complete analysis along these lines, I wish to explain the relation
between general solutions to (8.4) and the framework of [12, 13]. For this, let us once
again restrict to the shift-invariant case En = E and An = A for all n, and let us
assume that n runs over all signed integers.
In the language of [13], our category A˜ built on the objects an is then the shift
completion of the one-object categoryA formed by the D-brane a0 = (L0, E, A) together
with the morphism space Hom(a0, a0) and the induced morphism composition (figure
2). Indeed, the objects an can be identified with the formal translates an = a[n] of the
object a0 := a, and the morphism spaces Hom(am, an) = Hom(a[m], a[n]) are given
by:
Hom(a[m], a[n]) = Hom(a, a)[n−m] . (8.10)
The one-object category A describes the boundary sector of a single D-brane a0,
and underlies the open string field theory of [26], which is equivalent with the standard
Chern-Simons field theory on the bundle E0 = E. Indeed, since m = n = 0, the extra
signs in the boundary product and topological metric of Section 3 dissapear in this
case. Hence inclusion of graded D-branes an amounts to taking the shift completion A˜
of the naive one-objects category A. That is, working with graded D-branes amounts to
taking the shift-completion.
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This is in fact a general principle, already pointed out in [13], which gives a more
conceptual explanation for the observations of [3] and whose origin can be traced back to
the theory of BV quantization. It is also intimately related with extended deformation
theory [21, 22], as will be discussed in detail in [14].
  
  


a0
Hom(a0, a0) = Ω
∗(L,End(E)))
Figure 3. The open string field theory of [26] (identical with standard Chern-Simons
field theory on L) corresponds to a one-object category A, whose shift completion A˜
gives the string field theory of the present paper, if one restricts to the shift-invariant
case En = E0 and An = A0.
In this categorical language, general solutions of (8.4) correspond to so-called pseu-
docomplexes [12] built out of objects and morphisms of the shift-completed category A˜.
For example, a solution of (8.4) containing only four nonvanishing components φm,m−1,
φm,m, φmm+1 and φm+1,m−1 (for some fixed m) corresponds to the pseudocomplex de-
picted in figure 4.
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φ
(2)
m,m−1 φ
(0)
m,m+1
φ(1)mm
φ
(3)
m+1,m−1
am+1amam−1
Figure 4. A pseudocomplex formed by three objects am−1, am and am+1 and four morphisms
φm,m−1, φm,m, φm,m+1 and φm+1,m−1 of A˜.
It was shown on general grounds in [12, 13] that pseudocomplexes form a dG
category p(A˜) of their own and, in fact, give an admissible class of D-branes which
extends the class of objects of A˜. This allows for a string field theoretic description of
any D-brane configuration resulting from condensation of string field components φmn
satisfying equations (8.4). The resulting string field theory gives a description of open
string dynamics in the presence of such general condensates, which include the original
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D-branes an, covariantly constant complexes of the type (8.9) as well as much more
general objects, which do not admit a classical geometric description. It is this category
of ‘exotic A-type branes’, rather than the naive one-object category A which must be
studied in order to gain a better understanding of open string mirror symmetry ‘with
one cycle’. This gives a very nontrivial extension of the theory originally considered
in [26], and provides a first step toward an open string realization of the program
outlined in [28] of gaining a better understanding of mirror symmetry by considering
the extended moduli space of topological strings.
8.3.2 Relation with work of Bondal and Kapranov
As pointed out in [12, 13], pseudocomplexes over A˜ allow one to make contact with the
so-called enhanced triangulated categories discussed by Bondal and Kapranov [17]. In
fact, it is easy to see that pseudocomplexes over A˜ can be identified with the twisted
complexes of [17], defined over A. The latter form a dG category, the so-called pre-
triangulated category Pre− Tr(A) associated with the one-object category A. Hence
we have the identification:
p(A˜) = Pre− Tr(A) . (8.11)
This is a reflection of the general principle, already mentioned in [13], that the cate-
gory of pseudocomplexes of the shift-completion A˜ coincides with the pre-triangulated
category Pre− Tr(A) of the uncompleted category A. From this point of view, the ap-
pearance of pre-triangulated categories (and, later, of triangulated categories) in string
theory is a result of taking the shift-completion. This is the general formulation of the
main observation made by M. Douglas in [3].
Upon taking the zeroth BRST cohomology (which, due to the existence of shift
functors, corresponds to working on-shell) one obtains the so-called enhanced trian-
gulated category Tr(A) = H0(Pre− Tr(A)) of the original one-object category A. As
discussed in [17], the category Tr(A) behaves in a certain sense as a ‘derived category’
of A, thereby providing an A-model analogue of the derived category picture familiar
from studies of the B-model [1, 3, 5]. This construction can be related to a degeneration
of the large radius limit of the ‘derived category’ of Fukaya’s category [1, 35, 36, 37]
(see Section 9).
8.4 Generalized complexes and the quasiunitary cover
We saw above that the traditional approach to A-type brane dynamics (which largely
consists of applying the results of [26] ) must be extended in a rather nontrivial manner.
We hope to have convinced the reader that, when confronted with the problem of
analyzing the structure defined by the most general solutions of (8.4), the tools of
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category theory become not only directly relevant, but also unavoidable, at least as a
first approach to organizing the resulting complexity.
It may then come as a surprise that the most general solutions of (8.4) do not, in
fact, suffice. Indeed, it was shown in [12, 13] that the basic physical constraint of uni-
tarity requires the consideration of even more general objects (the so-called generalized
complexes) over A, which can be described as ‘pseudocomplexes with repetition’. In
a generalized complex, one allows for a sequence anj whose (non-necessarily distinct)
terms belong to our D-brane family {an}, and one asks for solutions of the obvious
generalization of (8.4). More precisely, a generalized complex over A˜ can be described
as a sequence (anj) together with a family of morphisms φni,nj ∈ Hom
1(ani, anj ) subject
to the conditions:
Qmi,mkφmi,mk +
∑
j
φmj ,mkφmi,mj = 0 . (8.12)
The generalization away from pseudocomplexes is due to the fact that we allow for
repetitions mi = mj .
It was shown in [12] that generalized complexes automatically lead to a string field
theory, the so-called quasiunitary cover c(A˜) of the theory based on A˜. The quasiuni-
tary cover satisfies a minimal form of the physical constraint of unitarity. Namely, any
condensation process in the string field theory based on c(A˜) produces a D-brane which
can be identified with an object of c(A˜). Mathematically, this gives an extension of the
Bondal-Kapranov theory, which is forced upon us due to very basic physical consider-
ations. It is this theory which gives the ultimate (i.e. ‘physically closed’) extension of
the naive one-object theory described by A.
9. Relation with the large radius limit of Fukaya’s category
In the last section of this paper, I wish to give a short outline of the how the theory
considered here may relate to the category constructed in [35, 36]. As I will discuss
in more detail somewhere else, Fukaya’s category is related to a ‘quantized’ version of
a category of intersecting A-type branes, where the quantum effects arise from disk
instanton corrections to the semiclassical structure.
Since disk instanton effects are suppressed in the large radius limit, we can in first
approximation consider the case when the Kahler class of our Calabi-Yau manifold
belongs to the deep interior of the Kahler cone. In this case, it can be shown that the A∞
‘category’ considered in [35] reduces to a Z2-projection of a substructure of an associative
differential graded category which satisfies the axioms of [12]. This substructure, which
is not a category in the standard mathematical sense, only describes a subsector of the
(large radius) open string field theory of the topological A-type string. More precisely,
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the construction proposed in [35, 36] corresponds to a ‘category’ whose objects are
A-type branes wrapping distinct and transversely intersecting Lagrangian cycles, and
whose morphisms are given by boundary condition changing states of the topological
A-type string. This construction does not take into account the possibility of having
different A-type branes wrapping the same Lagrangian cycle (which is precisely the
subject of interest in the present paper), nor does it consider the boundary sectors
of strings starting and ending on the same D-brane. Moreover, the construction of
Fukaya’s categiory is currently largely performed in a Z2-graded approach, and should
be extended by inclusion of Z-gradings.
If we use the notation supp(a) to describe the support of a topological A-type brane,
i.e. its underlying Lagrangian cycle, then the large radius limit of Fukaya’s category
consists of a collection of objects having the property that supp(a) and supp(b) are
transversely intersecting Lagrangian cycles for any pair of distinct D-branes a and b.
Moreover, the original proposal of [35] only considers morphism spaces of the form
Hom(a, b) for a 6= b, i.e. no endomorphism spaces End(a) := Hom(a, a) are allowed.
Due to this reason, the resulting large radius structure does not correspond to a category
in the classical mathematical sense, in spite of the fact that all off-shell nonassociativity
can be eliminated in the large radius limit. For example, this structure does not contain
units 1a ∈ Hom(a, a), since morphism spaces of the type Hom(a, a) are not directly
described. This leads to somewhat complicated constructions [36, 37] which attempt
to repair such problems by making use of transversality arguments 15 .
It is now clear that the theories described in this paper belong precisely to the
missing sector of the original construction of [35, 36]. Indeed, we studied exactly
the case when one has distinct topological D-branes which wrap the same (special)
Lagrangian cycle. One can view part of this as a certain degeneration of the large
radius version of Fukaya’s ‘category’ in which various Lagrangian cycles are deformed
until they coincide. More precisely, it seems likely that only the sector of unidirectional
off-diagonal deformations discussed in Subsection 8.2. can be recovered in this manner
from Fukaya’s category. However, the issue is clouded by that fact that, in a string
field theory such as those discussed in [12, 13], physics is invariant with respect to so-
15The main idea of this approach is to view the Fukaya category as a description of a certain form of
intersection theory for Lagrangian cycles. In this case, the missing endomorphisms can be recovered
by considering Lagrangian self-intersections, which can be defined in traditional topological manner as
intersections between a Lagrangian cycle and a small displacement of itself (in this symplectic theory,
such a displacement corresponds to an isotopy transform of the cycle). While one expects such a
procedure to be related to the physical approach of including diagonal boundary sectors from the very
beggining (or at least to a subsector of the physical construction), a reasonably complete proof that
this is indeed the case has not yet been given. I thank Prof. K. Fukaya for some clarifications on the
current status of his work on this issue.
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called quasiequivalences, and for this (as well and other) reasons the issue is currently
unsettled. A perhaps more natural point of view is to follow the physics by including
such objects in the very definition of the relevant category, as required by the structure
of open string field theory.
10. Conclusions and directions for further research
We studied (the large radius limit of) a sector of the string field theory of the open
A-model, by considering a system of distinct topological D-branes which wrap the
same special Lagrangian cycle. We extracted the relevant string field action from first
physical principles, and identified it with a Z-graded version of super-Chern-Simons
field theory, thereby relating graded A-brane dynamics with the mathematical theory
of Z-graded superconnections developed in [19].
Upon using the resulting string field action, we gave a preliminary discussion of
the associated moduli space of vacua, and we sketched its relation it with the theory of
extended deformations [21, 22] of flat connections on the cycle. Moreover, we studied
the effect of vacuum deformations form the perspective of [12, 13], which relates them to
condensation of boundary and boundary condition changing operators and to formation
of D-brane composites. This gives an explicit realization of the general discussion of
those papers and shows the existence of a large class of ‘exotic’ A-type branes. We also
made a few observations about the connection of this physically motivated construction
with the theory of enhanced triangulated categories developed in [17].
Our analysis should be viewed as a description of a small sector of the A-model
counterpart of the ‘derived category of D-branes’ whose B-model incarnation leads to
the derived category of coherent sheaves. It is a basic consequence of mirror symmetry
for open strings that the processes of D-brane composite formation which are respon-
sible for generating the derived category of coherent sheaves in the B-model should
have an A-model counterpart. Just as DbCoh can be viewed as the product of off-shell
B-type open string dynamics [3, 5, 13, 14, 16], A-model composite formation processes
lead to an enlargement of the standard category of A-type topological D-branes. This
enlargement, which after quantization (= inclusion of disk instanton effects) can be
viewed as a sort of ‘derived category’ of a completed16 version of Fukaya’s category,
generates the A-model counterpart of DbCoh 17.
The generalized topological D-brane composites constructed in this paper corre-
spond to backgrounds belonging to the extended moduli space of the topological A-
16Completed by inclusion of endomorphisms.
17Such an enlargement of Fukaya’s category was already proposed in [1], though the proposal of
that paper does not consider diagonal boundary sectors.
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string. As such, they should be relevant for a better formulation of homological mirror
symmetry, a subject which forms the deeper motivation of our study. It is important,
however, to approach the much harder question whether such objects play a role in
the physical, untwisted model. This issue could in principle be addressed through a
careful study of deformations for the string field theory of compactified superstrings in
the presence of graded A-type branes.
This problem is somewhat difficult to formulate precisely, due to the fact that
current understanding of the superstring field theory of Calabi-Yau compactifications
is rather incomplete. Since the topological A-model only captures the chiral primary
sector, it is in principle possible that some of the extended deformations leading to
our exotic D-branes are ‘lifted’ in the physical theory, due to the dynamics of higher
string modes. It is likely, however, that at least the covariantly-constant complexes of
Subsection 8.2. survive in the untwisted model, since one can adapt effective action
arguments such as those of [7] to argue for their appearance on non-topological grounds.
In fact, these objects are the analogues of the type B D-brane complexes of [3, 5], and
their relevance for Calabi-Yau superstring dynamics should be similar to the importance
of the latter. Whether the more exotic composites resulting from condensation of higher
rank forms also play a role in the non-topological theory is currently an open problem,
which deserves careful study.
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